Abstract. We consider a one-parameter family of Hénon maps on R 2 given by fa(x, y) = (y, y 2 +ax) where 0 < a < 1, and provide a complete description of the dynamics of fa. In particular, we show that each fa has precisely two periodic points α and p, where α is an attracting fixed point, and p is a saddle fixed point. Moreover, the basin boundary of α coincides with the stable manifold of p. As a consequence, we obtain that each fa is a Morse-Smale diffeomorphism.
Introduction
Hénon maps are special quadratic polynomial diffeomorphisms of R 2 which may be written in the form f a,c (x, y) = (y, y 2 + c + ax),
where (a, c) ∈ R \ {0} × R. These maps were introduced by M. Hénon [H] in 1976 primarily for experimental purposes. The importance of Hénon maps for the dynamics of all polynomial diffeomorphisms was recognized by S. Friedland and J. Milnor [FM] in 1989, who proved that every quadratic polynomial diffeomorphism is conjugate to a Hénon map or to an elementary map. Since elementary maps have trivial dynamics, Hénon maps are normal forms for all quadratic polynomial diffeomorphisms with non-trivial dynamics.
The parameter a describes how f a,c transforms area, since a is the negative of the Jacobian determinant of f a,c . Therefore, it is no restriction to just consider the strip 0 < |a| ≤ 1 and c arbitrary, because f −1 a,c has a −1 as its Jacobian determinant and is conjugate to a map of the form (1).
When the parameters a and c vary, the dynamics of the maps changes. An important problem is to identify and classify those regions in parameter space for which the corresponding maps are structural stable.
In this paper we give a complete description of the dynamics of the Hénon family f a,0 = f a , 0 < a < 1, i.e., c = 0. As a consequence, we obtain that there is an open set in parameter space for which the corresponding maps f a,c are Morse-Smale diffeomorphisms with exactly two periodic points; in particular these maps are structural stable.
Historically, the first result about the parameter space of Hénon maps showed the existence of two parabolic regions, with one of the regions associated to maps with horseshoes, and consequently infinitely many periodic points, and the other region corresponding to maps with no periodic points at all; a "horseshoe" refers to a map which is hyperbolic on its nonwandering set and topologically conjugate there to a full two shift. This result was proved by R. Devaney and Z. Nitecki [DN] in 1979 and improved by J. Milnor in 1987 (see [O] ).
More light was shed on the remaining part of parameter space recently by E. Bedford and J. Smillie [BS2] who discovered a large region without horseshoes. The result presented here shows that for an open set in the no horseshoe region the reason why horseshoes fail to exist is not the lack of hyperbolicity.
Hénon's conjecture that the particular map f 0.3,−1.4 should have a strange attractor is still an open question. The existence of strange attractors within the Hénon family was established in 1991 by M. Benedicks and L. Carleson [BC] . They identified a set of parameters (a, c) of positive Lebesgue measure for which f a,c admits a strange attractor. For the same set of parameters, M. Benedicks and L-S. Young proved in 1993 the existence of a unique SRB-measure supported on the strange attractor ( [BY] ). However, (a, c) = (0.3, −1.4) does not lie in this set of parameters.
We now describe our main results in more detail. First we recall some definitions. Given f a,c , we define K ± to be the set of points in R 2 with bounded forward/backward orbits, and let K = K + ∩ K − be the set of points with bounded orbits. We say that a saddle point p ∈ R 2 of f a,c is s/u one-sided if only one connected component of W s/u (p) \ {p} meets K. Theorem 1. Let 0 < a < 1. Then for f = f a the following holds.
(i) The map f has precisely two periodic points α = (0, 0) and p = (1 − a, 1 − a). Both periodic points are fixed points; α is attracting and p is a saddle point.
The point p is u one-sided, and W s (p) = ∂W s (α).
To our knowledge, part (iii) is the first rigorous result proving that a basin boundary is exactly the stable manifold of a saddle point.
We also show that the sets K ± , their boundaries J ± , and J = J + ∩ J − can be explicitly calculated in terms of the two periodic points and their stable and unstable manifolds, see (25), (26), (27) . The sets J ± and J are the analogs of the Julia sets in the theory of polynomial automorphisms of C 2 .
Recall that a diffeomorphism g on a manifold M is called a Morse-Smale diffeomorphism if its chain recurrent set R(g) is the union of finitely many hyperbolic periodic points, and for each pair of periodic points p, q the intersection between W s (p) and W u (q) is transverse.
As a consequence of Theorem 1 we obtain the following:
This paper is organized as follows. In Section 2 we note basic definitions and facts about Hénon maps. In Section 3 a complete description of the dynamics of the family f a is given describing the orbit of every point in the plane. Moreover, we present the proofs of Theorem 1 and Corollary 2.
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Preliminaries
The notation we use in this paper is adapted from the theory of polynomial diffeomorphisms of C 2 . Moreover, we will apply results which have been originally proven for complex Hénon maps, but also hold for real Hénon maps.
For a, c ∈ R let f a,c be defined as in (1). If a = 0, then f a,c is a diffeomorphism. If c = 0, then f a,c is conjugate by the linear map L(x, y) = (a −1 cy, cx) to the following form of the Hénon map:
In this paper we study the one-parameter family f a = f a,0 where 0 < a < 1, i.e. area decreasing and orientation reversing maps, and write f = f a when there is no confusion. We now review some standard properties of f . Define r = 1 + |a| and V = {(x, y) ∈ R 2 : |x|, |y| ≤ r}. For a set X ⊂ R 2 we define the stable and unstable sets W s (X) and W u (X) as
The following result compiles known properties from [BS1] and [FM] .
Lemma 3. Let 0 < a < 1. Then for f = f a the following holds.
We note that all the statements of Lemma 3 hold for a more general class of diffeomorphisms of R 2 , namely, for finite compositions of generalized Hénon maps (see [BS1] and [FM] ).
The dynamics of f a
To study the dynamics of f a on K, we introduce the following sets:
Clearly, V is a subset of the union of the sets defined in (4). Therefore, in order to understand the dynamics on K ⊂ V , it is enough to understand the dynamics of f on each of these sets separately.
Let (x, y) ∈ R 2 and n ∈ Z. Throughout this paper we use the notation (x n , y n ) = f n (x, y). Thus,
and (x 2 , y 2 ) = (y 2 + ax, (y 2 + ax) 2 + ay).
First we show that K has an empty intersection with the set A \ {(0, 0)}.
Proof. Let (x, y) ∈ A \ {(0, 0)}. If y ≤ 0, then it follows from (5) that x −1 < 0. If x = 0, then y = 0, and (6) yields x −2 < 0. Therefore, it suffices to consider the case x < 0. Obviously, f −1 (A) ⊂ A. Assume that x < 0. Equation (6) implies that x −2 ≤ a −1 x, and it follows by induction that x −2n ≤ a −n x → −∞ for n → ∞. Since x −2n = y −2n−1 (see (5)), we may conclude that f −n (x, y) → ∞ for n → ∞ using the maximum norm. Now we verify that K has no point in common with S 1 or S 2 .
Lemma 5. Let (x, y) ∈ S 1 ∪ S 2 . Then f −n (x, y) → ∞ for n → ∞.
Proof. We claim that
To prove this, consider (x, y) ∈ S 2 . Then y −1 = x ≥ 1 − a and
which proves (8). Therefore, according to Lemma 4, it is enough to consider points in S 1 . Obviously, f −1 (S 1 ) ⊂ S 2 , and thus, f −2 (S 1 ) ⊂ S 1 ∪ A by (8). Hence, to prove the lemma it suffices to show that there exists no (x, y) ∈ S 1 with x −2n > 0 for all n ∈ N. Assume that (x, y) ∈ S 1 would have this property. Then y −2n = x −2n+1 ≤ √ 1 − a for all n ∈ N, because otherwise by (6),
Hence, (f −2n (x, y)) n is a bounded sequence in S 1 . Next, we show that the sequence (x −2n ) n is strictly decreasing. This is true, because x −2(n+1) < x −2n holds if and only if x −2n (1 − a) < a −1 (y −2n − x 2 −2n ) 2 , and the latter inequality follows from x −2n (1−a) < (1−a) 2 and a(1−a) = 1−a−(1−a) 2 < y −2n − x 2 −2n . We conclude that r = lim n→∞ x −2n is well defined. Let (u, v) be an accumulation point of ((x −2n , y −2n )) n . Then u = r, which implies that u −2 = u, since (u −2 , v −2 ) is also an accumulation point. But if u > 0, then (u, v) ∈ S 1 and u −2 < u. On the other hand, if u = 0, then u −2 = − v 2 a 3 < 0. Therefore, in either of the two cases we obtain a contradiction, and the lemma is proven.
Corollary 6. The following holds:
Proof. Statement (i) follows from Lemmas 4 and 5. Moreover, (ii) is a consequence of Lemmas 4 and 5 and the following facts:
Finally, (iii) is a consequence of (i), (ii) and Lemmas 4 and 5.
Next we show that forward orbits of points in Q escape, implying that all points in K except the two fixed points (0, 0) and (1 − a, 1 − a) are contained in the interior of R + .
Proof. Obviously, f (Q) ⊂ Q. For (x, y) ∈ R 2 we define δ(x, y) = ax + y to denote the intersection between the y-axis and the line through (x, y) with slope −a. Let (x, y) ∈ Q \ {(1 − a, 1 − a)}. If y > 1 − a, then δ(f (x, y)) > δ(x, y).
On the other hand, if y = 1 − a, then f (x, y) = (1 − a, y 1 ) with
Therefore, for every (x, y) ∈ Q \ {(1 − a, 1 − a)},
holds, and the sequence (δ(f n (x, y)) n is strictly increasing. It is unbounded. Otherwise, the limit s = lim
would exist. Then an accumulation point q ∈ Q of the sequence (f n (x, y)) n exists. Hence, δ(f 2 (q)) = δ(f (q)) = s, which is a contradiction to (13).
The following is a consequence of Corollary 6 and Lemmas 4, 5 and 7.
We now consider points in the interior of R. The next lemma shows that there are only two periodic points.
Proof. Clearly, f (intR) ⊂ intR. Consider the maximum norm |(x, y)| m of (x, y) ∈ R 2 . Let (x, y) ∈ intR and set ρ = |(x, y)| m < 1 − a. Then
and
17) for all n ∈ N. Therefore, f 2n (x, y) → (0, 0) for n → ∞. Hence, also f 2n+1 (x, y) → (0, 0) for n → ∞, and the lemma follows. Now we investigate the backward orbits of points in the interior of R.
Proof. Let (x, y) ∈ intR \ {(0, 0)} with f −n (x, y) → ∞ for n → ∞. Then f −n (x, y) ∈ K − for all n ∈ N, and by Corollary 6 (iii),
for all n ∈ N. We define again δ(u, v) = au + v for (u, v) ∈ R 2 . Note that since 0 < x −n < 1 − a for all n ∈ N (see (18)), it follows that
for all n ∈ N. Therefore, by (18) and (19), the sequence (δ(f −n (x, y))) n is strictly increasing and bounded above by 1 − a 2 = a(1 − a) + 1 − a. Define
For every accumulation point q = (u, v) of the sequence (f −n (x, y)) n we have δ(f −1 (q)) = δ(q).
(21) Therefore, either u = 0 or u = 1 − a. Assume, there exists an accumulation point q = (u, v) with u = 0. The point f (q) = (v, v 2 ) is also an accumulation point of the sequence (f −n (x, y)) n . Therefore, (21) implies that either v = 0 or v = 1 − a. By (19), the case v = 0 can not occur; hence, v = 1 − a. Observe that f 2 (q) = ((1 − a) 2 , (1 − a) 4 + a(1 − a) ) is also an accumulation point of the sequence (f −n (x, y)) n . This implies that 1 − a = (1 − a) 2 , which is a contradiction. Therefore, we must have u = 1 − a for any accumulation point (u, v) of the sequence (f −n (x, y)) n . Using again that f (q) = (v, v 2 +au) is an accumulation point yields v = 1 − a. Thus, q = (1 − a, 1 − a) is the only accumulation point, and therefore, is the limit of the bounded sequence (f −n (x, y)) n .
We now prove Theorem 1 by using all the above lemmas.
Proof of Theorem 1. (i) The points α = (0, 0) and p = (1 − a, 1 − a) are evidently fixed points of f . The eigenvalues of Df (α) are ± √ a, and α is attracting, whereas λ u/s = 1 − a ± 1 − a + a 2 (22) are the eigenvalues of Df (p) with |λ s | < 1 < |λ u |. Thus, p is a saddle point. By Corollary 8 and Lemma 9, f can not have further periodic points.
by Corollary 8 and Lemma 9, (x, y) ∈ W s (α). Applying Lemma 10 implies (x, y) ∈ W u (p).
(iii) We first prove that p is u one-sided. Let ε > 0 be small, and let W u ε (p) denote the local unstable manifold of p of size ε. It follows from Lemma 5 that W u ε (p)\{p} ⊂ intR + ∪ intQ. Let W 1/2 be the connected components of W u ε (p) \ {p}. Since W u ε (p) is a one-dimensional disk with center p, we may conclude that one of the components W i is contained in intR + and the other is contained in intQ. Without loss of generality we assume that W 1 ⊂ intR + and W 2 ⊂ intQ. Thus, it follows from Lemma 7 that
Therefore, since n∈N f n (W 2 ) is a connected component of W u (p) \ {p} and W 1 ⊂ K, we may conclude that p is u one-sided. Next we prove that W s (p) ⊂ ∂W s (α). Observe that ∂W s (α) ⊂ K + . This follows because W s (α) ⊂ K + , and K + is closed by Lemma 3 (i). Let W 1 be defined as above. Let D ⊂ intR + be a one-dimensional disk transversal to W 1 which intersects W 1 in q. Therefore, Lemma 9 implies that D ⊂ W s (α). Let W s ε (p) denote the local stable manifold of p of size ε. Assume that ε > 0 is small. For n ∈ N we define D (n) to be the connected component of f −n (D) ∩ B(p, ε) which contains f −n (q). It follows from the Inclination Lemma (see for instance [PM] ) that the disks D (n) converge to W s ε (p) with respect to the C 1 -topology. Since D (n) ⊂ W s (α) for all n ∈ N, this implies that whenever (x, y) ∈ W s ε (p), then every neighborhood of (x, y) contains a point of
. Finally, we show that ∂W s (α) ⊂ W s (p). Let (x, y) ∈ ∂W s (α), and let
We define ε = min{δ 1 , δ 2 }/2. Since (x, y) ∈ K + , by Lemma 3 (i) (also using (24)), there exists an n ε ∈ N such that f n (x, y) ∈ B(p, δ 1 ) for all n ≥ n ε . Since δ 1 was chosen arbitrarily, we may conclude that (x, y) ∈ W s (p).
Remark.
By using similar methods as in the proof of Theorem 1 it is possible to show that
which implies
The identities (25),(26) (27) indicate a crucial difference between the theory of real and of complex Hénon maps, because they are not true for any Hénon map in C 2 . For example, in the complex case, the set J ± is much bigger than the union of the stable/ unstable manifolds of all saddle points. This follows from the fact that the union of all stable/ unstable manifolds has Hausdorff dimension 2, whereas the Hausdorff dimension of J ± is strictly larger than 2 (see [FS] and [W] ).
Finally, we present the proof Corollary 2.
Proof of Corollary 2. First, we consider f = f a,0 , where 0 < a < 1, and show that R(f ) = {α, p}. As mentioned after Lemma 3, R(f ) ⊂ K. Obviously, α, p ∈ R(f ). On the other hand, if (x, y) ∈ K \ {p, α}, then by Theorem 1 we must have (x, y) ∈ W s (α) ∩ W u (p) which implies (x, y) ∈ R(f ). Hence R(f ) = {α, p}. If r lies in the intersection of the stable and unstable manifold of two (not necessarily distinct) periodic points, then r ∈ K = {α, p} ∪ (W s (α) ∩ W u (p)), and the intersection of the stable and unstable manifold at r is transverse. Thus, f is a Morse-Smale diffeomorphism. The existence of the set H follows now from the fact that Morse-Smale diffeomorphisms are structural stable, see for example [R] .
